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Abstract

In this study a simple continuum model for the macro-mechanical prediction of the elastic–plastic behavior of woven-fabric/
polymer-matrix composites has been proposed. This model uses a scalar hardening parameter (which is a function of the current

applied stress state) instead of an effective stress-strain relation to determine plastic strain increments. For simplicity, the stresses
are expressed as invariants based on the material symmetry. It has been shown, by the use of experimental data for two different
woven-fabric/polymer-matrix composite materials, that the newly proposed model accurately describes the non-linear mechanical
behavior for different in-plane biaxial stress states ranging from pure shear to pure tension. # 2001 Published by Elsevier Science

Ltd. All rights reserved.
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1. Introduction

Woven-fabric composites have received considerable
attention in recent years on account of their increased
damage tolerance with respect to unidirectional and
angle-ply composite laminates and because of the relative
ease and low cost of fabrication of composite structures
made from woven fabric pre-pregs. A common type of
woven-fabric composite used in the aerospace industry
is a bi-directional woven carbon-fibre-reinforced polymer
(typically epoxy or polyimide). The fabric is woven on a
loom and is composed of two sets of interlacing,
mutually orthogonal yarns (the longitudinal and width-
wise yarns are known as the warp and fill, respectively).
The size of each yarn is determined by the number of
filaments (or fibers) it contains. The architecture of the
fabric is characterized by the interlacing pattern of the
warp and weft yarns. The basic geometrical pattern can
be characterized by the parameter n which denotes that

the warp yarn is interlaced with every nth fill yarn, and
vice versa. For example, Fig. 1 shows an example of a
plain woven architecture (n=2), and Fig. 2 shows the 8
harness-satin (8HS) woven geometry (n=8).
It is well known that woven-fabric/polymer compo-

sites exhibit significant non-linear stress/strain behavior
when subjected to pure shear or shear-dominated biaxial
stresses [1–5]. In many cases, the non-linearity may even
be detected upon initial loading of the material and
continues until catastrophic failure. This non-linear
mechanical response is mostly due to the non-linear
constitutive behavior of the polymer matrix, micro-
cracking of the matrix material, fiber/matrix interface
debonding, and interlaminar delamination. Typically
the interlaminar delamination releases a significant
amount of energy upon deformation at higher loads and
is responsible for a large, irregular change in the stress/
strain curve [4,5]. Fig. 3 shows the side view of an 8HS
woven graphite/PMR-15 off-axis tensile coupon that
has been tested under a large shear-dominated biaxial
load. The bulging is due mostly to delaminations that
occur between plies and in the crimp area in between
perpendicular yarns that relax when the specimen is
unloaded. These delaminations start in regions with
high stress concentrations, e.g. near intralaminar matrix
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cracks, the free edges of the specimen, or crimps of per-
pendicular yarns.
It has also been shown that woven-fabric/polymer-

matrix composites can exhibit noticeable non-linearity
when loaded in pure tension or compression along the
axes parallel to the fibers [1,3,6]. The primary causes of
this non-linearity are micro-cracking of the matrix and
fibers. Usually a prominent ‘‘knee’’ in the uniaxial

stress/strain curve can be seen where the transverse
cracking of the matrix starts [1]. At much higher loads
the composite will fail catastrophically when the fibers
begin to fracture or pull out.
These failure modes contribute to a significant

amount of macroscopic non-linearity which must be
properly characterized and modeled in order to be able
to design structures with an acceptable degree of safety.

Fig. 1. Plain woven fabric architecture with the material coordinate system indicated.

Fig. 2. 8HS woven fabric architecture with the material coordinate system indicated.
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Due to the large amount of anisotropy and hetero-
geneity of woven fabric composites on a mesoscopic
scale and the tremendously varying modes of micro-
damage which depend on the applied stress state (either
uniaxial or biaxial, tension or compression), the macro-
scopic non-linear behavior is strongly dependent upon
the applied load path. In order to model this behavior
correctly the current stress state and stress history must
be considered.
There has been a considerable amount of research

performed on the non-linear behavior of woven fabric
composites at the meso-mechanical level using numerical
[7–10] and analytical approaches [11–15]. These models
are concerned with the effects of individual damage
mechanisms, such as micro-cracking and non-linear
behavior of individual constituents, on the total non-
linear response of the composite. These models are very
useful for studying the stress fields in composite materials
and the contribution of the behavior of the individual
constituents on the macroscopic elastic–plastic behavior
of the material. However, if the knowledge of this
information is not needed or desired, and the only concern
is the macro-mechanical behavior of the woven composite
material, then the meso-mechanical approach may be
overly complicated and time-consuming for the design
of a composite structure, especially in the presence of
both normal and shear stresses. In this case a continuum
model may be more efficient.
Some researchers have developed continuum time-

independent plasticity models that can be used to
describe the non-linear behavior of woven-fabric/polymer-
matrix composite materials. Hill’s model [16] was origin-
ally developed for anisotropic cold-rolled metals. Vaziri
et al. [17] and Odegard et al. [4] used similar approaches
as Hill [16] and Sun and Chen [18] for modeling the
elastic–plastic behavior of woven graphite/PMR-15
composites. These approaches assume a relationship
between an effective stress and effective strain. This is an
important assumption in the plasticity of isotropic
materials, and has shown some promise in modeling the

plasticity of anisotropic materials. However, Hansen et
al. [19] pointed out that it may be an overly restrictive
assumption when applied to polymer-matrix composite
materials since they exhibit drastically different modes
of meso-mechanical failure under different load paths.
Hansen et al. [19] proposed an invariant-based flow rule
for unidirectional composites which incorporates a scalar
hardening parameter that allows the hardening to be
determined as a function of the load path, and not an
effective stress-strain relationship. The purpose of this
study is to extend this non-linear model to woven fabric/
polymer composites.

2. Stress and strain tensors

It has been shown experimentally by Fujii et al. [1] that
for woven-fabric/polymer-matrix composites loaded to
large strains (at least around 0.5%), the 2nd Piola–
Kirchhoff stress tensor and the Green–Lagrange strain
tensor should be used in order to properly express stress
and strain components with respect to the reoriented
fabric. At large strains, following failure of the crimp
regions and significant interlaminar cracking, the per-
pendicular yarns in a 2D woven fabric/polymer matrix
composite are allowed to rotate with respect to each other
towards the direction of the principal stress (Fig. 4). This
geometric non-linearity causes a significant change in the
stress/strain response of the composite material depending
on how the stress and strain tensors are defined [1]. The
response can be properly modeled at large strains
assuming that the stress and strain components are
defined with respect to the original fiber coordinate system
in the reoriented state. The symmetric second order 2nd
Piola–Kirchhoff stress tensor is defined as:

P ¼ JG�1�G�T ð1Þ

where J is the Jacobean, G is the second order deforma-
tion gradient tensor, and � is the second order Cauchy

Fig. 3. Side view of a tested 8HS woven graphite/PMR-15 off-axis specimen showing interlaminar delaminations after unloading.
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stress tensor. The Green–Lagrange strain tensor is
defined as:

" ¼
1

2
GTG�I
� �

ð2Þ

where I is the second order identity tensor. When strains
are relatively small either the nominal or Cauchy stresses
can be used to evaluate the non-linear behavior of fabric
composites. However, when strains are large and the dis-
placement gradients are known, the 2nd Piola–Kirchhoff
stress tensor should be substituted for the Cauchy stress
tensor [1].

3. Elastic deformation

Woven-fabric composites exhibit a significant change
in elastic properties as micro-damage propagates when
the material is subjected to either static or dynamic
deformations. If it is desired to model multiple steps of
loading and unloading, then it is important to model the
increase in the compliance tensor components as a
function of load path. Ju [20] suggested the use of a
fourth-order damage tensor to model the macroscopic
change in the compliance. The overall compliance tensor
of the continuum can be expressed as:

S ¼ S� IþD½ � ð3Þ

where S� is the fourth order undamaged compliance
tensor, I is the fourth order identity tensor, and D is the
fourth order damage tensor. Each component of the
damage tensor is zero for an undamaged material and
should increase as a function of propagating micro-
damage. In general, the damage will affect the compliance
tensor differently for states of tension and compression
due to different micro-damage modes (e.g. matrix
cracking in tension vs. fiber kinking in compression).
Therefore, the normal and interaction components of the
damage tensor (e.g. D11, D22, D12, and D21) should have
two separate values associated with tensile and compressive
stresses. For plane stress, the total compliance tensor
components can be assumed to be (in contracted notation
where i, j, and k=1,2,. . ., 6):

Sij ¼
S11 S12 0
S21 S22 0
0 0 S66

2
4

3
5 ð4Þ

The compliance tensor of the undamaged woven fabric
composite is:

Soij ¼
So11 So12 0
So12 So11 0
0 0 So66

2
4

3
5 ð5Þ

The individual components of the damage tensor may
be described by the following functions:

Fig. 4. Deformation of an element of plain woven fabric subjected to large shear strains.
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Dij ¼ Dij �1; �2; . . . ; ��

� �
ð6Þ

where D16=D61=D26=D62=0 [from Eqs. (3)–(5)] and
each � argument is an individual state variable
(�=1,2,. . ., total number of state variables) that can be
used to describe the current damage state, such as the
maximum attained stress components along each principal
material axis in tension and compression, total number
of fatigue cycles, fatigue stress ratio, etc. Eq. (6) repre-
sents a continuum damage evolution law of the woven-
fabric composite material.

4. Yield function

When considering the most generalized case of a
composite that behaves differently (as far as yielding
and plastic deformation) along different material axes in
both tension and compression, a yield function must be
used that has the proper yield surface shape in stress
space that will reflect this behavior. Tsai and Wu [21]
developed a generalized yield function for composite
materials using a continuum approach:

F �kð Þ ¼ � �kð Þ�� ¼ 0 ð7Þ

where � is the largest recorded value of �(�k) (for initial
yield is taken as unity), �k is the stress tensor, and

� �kð Þ ¼ Fi�i þ Fij�i�j ð8Þ

where Fi and Fij are strength tensors of the second and
fourth rank, respectively. Eqs. (7) and (8) describe the
shape of the yield surface in stress space. The linear and
quadratic stress terms allow tensile and compressive
values of strength to be evaluated separately. In the case
of a 2D woven-fabric fiber architecture the two principal
fiber axes are parallel to the 1 and 2 axes (see Figs. 1 and
2) and it may be assumed that the strength and plastic
flow properties along these two principal axes are the
same. Therefore, Eq. (8) may be expanded by index
summation and then reduced to:

� �kð Þ ¼F1 �1 þ �2ð Þ þ F3 �3ð Þ þ F11 �21 þ �22
� �

þ 2F12 �1�2ð Þ þ 2F13 �1�3 þ �2�3ð Þ

þ F33�
2
3 þ F44 �24 þ �25

� �
þ F66�

2
6

ð9Þ

The components of the strength tensors are:

F11 ¼
1

XX0
; F1 ¼

1

X
�

1

X0
; F33 ¼

1

ZZ0
;

F3 ¼
1

Z
�

1

Z0
;F44 ¼

1

Q2
;F66 ¼

1

S 2

ð10Þ

where X and X’ are the yield points on the yield surface
along the 1 and 2 axes of the woven-fabric composite in

tension and compression, respectively. Z and Z’ are the
yield points on the 3 axies in tension and compression,
respectively. Q and S are the yield points for shear in the
2,3 and 1,3 plane and the 1,2 plane of the composite
material, respectively. The strength tensor components F12
and F13 are biaxial interaction parameters which are sen-
sitive to the particularmaterial considered. They should be
determined experimentally for any given composite using
a test that subjects the material to a multi-axial stress state.
In the case of plane stress in the 1,2 plane Eq. (9) becomes:

� �kð Þ ¼F1 �1 þ �2ð Þ þ F11 �21 þ �22
� �

þ 2F12 �1�2ð Þ

þ F66�
2
6

ð11Þ

The material behavior is defined by:

<0: elastic
=0: the stress state is on the yield surface, plastic

deformation occurring as loading progresses
>0: inaccessible state

It is assumed that proportional hardening takes place,
unless kinetic terms are inserted into Eqs. (7) and (8). For
polymer matrix composites, proportional hardening is
usually adequate to describe the elastic–plastic material
behavior.

5. Flow rule

A general form of the associated flow rule is [22]:

d"pi ¼ g �ið Þ
@F
@�j

d�j

� �
@F
@�i

ð12Þ

where d"i
p is the plastic strain increment tensor and g(�i) is

the scalar hardening parameter. Plastic flow occurs when:

@F �kð Þ

@�j
d�j>0 and F �kð Þ ¼ 0 ð13Þ

The scalar hardening parameter, g(�i), is a scalar
function of a second-order tensor. It serves as a factor
that describes the plastic hardening of the composite as
a function of applied stress. It has been shown [19] that
g(�i) can be put into a form in which its value depends
on the location of the stress state on the yield surface.
The form of g(�i) may be restricted by considering
invariance properties of the composite material so that
it remains unchanged for arbitrary symmetry operations
characteristic of the orientation of the fibers. The five
stress invariants used by Hansen et al. [19] for a uni-
directional composite were [23]:


1 ¼ �1; 
2 ¼ �2 þ �3; 
3 ¼ �22 þ �23 þ 2�24;


4 ¼ �26 þ �25; 
5 ¼ �2�
2
6 þ �3�

2
5 þ 2�6�5�4

ð14Þ
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The eight stress invariants for a 2D bi-directional
woven composite (assuming ditetragonal-dipyramidal
type symmetry) are [23]:

a1 ¼ �1 þ �2; a2 ¼ �3; a3 ¼ �24 þ �25; a4 ¼ �26; a5 ¼ �1�2

a6 ¼ �4�5�6; a7 ¼ �1�
2
4 þ �2�

2
5; a8 ¼ �24�

2
5

ð15Þ

Ideally, stress invariants a1, a2, a5, and a7 should
cause different non-linear behavior if their signs are
changed. Therefore, in general, the effect of the negative
values should be considered in the formulation of the scalar
hardening parameter. g(�i) may be put into the form:

g �ið Þ ¼ g a1; a2; a3; a4; a5; a6; a7; a8ð Þ ð16Þ

In the case of plane stress, Eq. (16) can be reduced to:

g �ið Þ ¼ g a1; a4; a5ð Þ ð17Þ

Eq. (17) can be more conveniently expressed as [19]:

g �ið Þ ¼
a1
a
1
g1 a1ð Þ þ

a4
a
4
g2 a4ð Þ þ

a5
a
5
g3 a5ð Þ ð18Þ

where the superscript * indicates values of the invariants
at the current yield surface assuming a uniaxial invariant
stress state (the sign of which depends on the sign of the
invariant), and gn(am) is a function determined empiri-
cally for each individual invariant. Hansen et al. [19],
Odegard and Kumosa [24] and Odegard et al. [25]
showed that a linear equation for each gn(am) will result
in a g(�i) that satisfactorily matches the experimental
stress-strain data for a multi-axial stress state in uni-
directional composites. For example:

g1 a1ð Þ ¼
A1a1 þ A2

A3a1 þ A4

if a15 0
if a1<0

	 

ð19Þ

g2 a4ð Þ ¼ A5a4 þ A6 ð20Þ

g3 a5ð Þ ¼
A7a5 þ A8

A9a5 þ A10

if a55 0
ifa5 < 0

	 

ð21Þ

where A1. . .A10 are constants that are determined
experimentally (by using uniaxial or biaxial mechanical
tests). A similar approach can be used in the more gen-
eralized case of a 3D stress state.
The total incremental strain is the sum of the elastic

and plastic strain increments:

d"ti ¼ d"ei þ d"pi ð22Þ

where the superscripts t, e, and p denote total, elastic,
and plastic strains, respectively. The plastic strain

increment is given in Eq. (12) and the elastic strain
increment is a function of the applied stress and the
compliance tensor given in Eq. (3):

d"ei ¼ Sijd�j þ dSij�j ð23Þ

Generally, in woven-fabric-reinforced polymer compo-
sites, the elastic strain increment is much smaller than the
plastic strain increment when loaded to relatively large
strains. The influence of the change in the compliance
tensor due to due to damage on the stress/strain curve is
small compared to the influence of the plastic deformation.
Therefore, for simplicity, it may be assumed that under
plastic deformation (=0) the compliance tensor
remains constant and the second term on the right hand
side of Eq. (23) is zero. When the material is starting to
unload and is in the elastic range (<0), the com-
pliance tensor may be modified based on Eq. (6) and
dSij is briefly non-zero. Once the compliance is updated,
then the second term on the right hand side of Eq. (23)
is once again zero until another change in compliance
occurs.

6. Experimental characterization

In general, the complete experimental determination
of the material parameters F1, F11, F3, F33, F44, F66, F12,
F13, A1–A10, and Dij is not simple. The parameters are
not all necessary for each particular loading case. Depend-
ing on the mechanical behavior of interest, assumptions
can bemade to reduce the number of total parameters. The
model then reduces to a relatively simple analysis com-
pared to the micro-mechanics approach.
For example, the following series of mechanical tests

could be used to characterize the parameters for a
composite material subjected to a plane stress state and
assuming that the properties are the same along the 1
and 2 axes:

. X, X0, and A1–A4 can be determined by applying
tensile and compressive uniaxial loads (so that a1
6¼ 0 and a5=0) along a material axis that is paral-
lel to one set of fibers, thus determining F1 and F11
using Eq. (10) and g1(a1) using Eqs. (18) and (19).
This step can be easily performed using torsional
tubes or tensile/compression specimens.

. S, F66, A5, and A6 can be determined by subjecting
a specimen to pure in-plane shear using Eqs. (10),
(18) and (20). D66 can also be determined based on
the assumptions in Eq. (6). This can be accom-
plished with a torsional test of a torsional tube.

. F12, A9 and A10 can be determined with a biaxial
test so that a1=0 and a5<0, thus �1=��2. This
can be accomplished with a picture-frame type test
[26] using Eqs. (10), (11), (18) and (21).
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. A7 and A8 must be determined using a multi-axial
test where a1>0, a5>0, and a4>or=0, thus �10
and s2>0, using Eqs. (18)–(21). Any biaxial
mechanical test could be used for this.

. D11, D22, D12, and D21 can be determined using the
assumptions in Eqs. (6) and the change in the
compliance constants observed upon unloading
and/or reloading after uniaxial loading along the 1
or 2 axes using Eq. (3)–(5).

If it is assumed that the behavior in tension and
compression is the same, then F1=0, A1=A3, A2=A4,
A7=A9 and A8=A10 and the same method as above can
be used to determine F11, F66, A1, A2, A5, A6, A7 and A8

(the final step is unnecessary). If it is further assumed that
non-linear deformation and damage occurs only in shear
(no non-linear deformation parallel to the fibers), then A1,
A2, A7 and A8, can be set to zero. Once all of the necessary
constants have been determined, then the elastic-plastic and
damage behavior of the material may be predicted for any
biaxial loading condition using the necessary assumptions.

7. Experiments

Two sets of experimental data on two different
woven-fabric/polymer-matrix composite materials have
been employed to demonstrate the use of this elastic–
plastic model [1, 4]. The scalar hardening parameters for
the two composite systems have been determined and

used to predict the stress-strain behavior for different
biaxial stress states.

7.1. Plain woven glass/polyester laminate

The experimental data from Fujii et al. [1] was used to
determine a scalar hardening parameter for plain woven
MG-252/Polylite FG-284 torsional tube specimens sub-
jected to biaxial loading conditions. The resulting elastic–
plastic model and the averaged experimental stress/strain
curves (2nd Piola–Kirchhoff stress and Green–Lagrange
strain) from Fujii et al. [1] are shown in Figs. 5 and 6 for
the response in tension parallel to the fibers and in
shear, respectively, for r=0/1, 1/0, 1/1, 3/1, and 7/1
(r=tension parallel to fibers/shear). The scalar hard-
ening parameter was determined using the pure tension
(r=1/0) and pure shear tests (r=0/1) assuming plane
stress and that the behavior in tension and compression
is the same for this material. Therefore, in this case,
F1=0, A2=A4, A7=A9 and A8=A10. A7, A8 and F12
were assumed to be zero for convenience since s2=0 for
every uniaxial and biaxial test. It was determined that
A1 could be set to zero and g1(a1) accurately described
by A2. The remaining parameters (F11, F66, A2, A5 and
A6) used in the model were determined by fitting the
elastic-plastic model to the experimental data (see
Table 1 for the values of the parameters). It can be seen
that for all of the biaxial loading conditions the elastic-
plastic model predicts the non-linear behavior of the
composite with an acceptable degree of accuracy.

Fig. 5. Stress/strain diagram (parallel to one set of fibers) of the glass/polyester composite showing experimental and modeled responses for four

biaxial ratios (r=normal stress parallel to fibers/shear stress).
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7.2. 8HS woven graphite/polyimide laminate

The elastic–plastic behavior of the 8HS woven T650-35/
PMR-15 composite material investigated by Odegard et
al. [4] and Searles et al. [5] using off-axis tensile tests was
determined using the proposed elastic–plastic model.
The off-axis experiments were performed at 15, 30, and
45� with respect to the loading axis. Due to strain gage
debonding occurring at loads approximately 10% below
failure, only approximately 90% of the stress/strain
curves were available. Since the large deformation effect
on the stress and strain determination was only noticeable

at large strains [1] the nominal stress/strain approach was
used to model the non-linear behavior of the graphite/
polyimide fabric material using the proposed model.
Fig. 7 shows the experimental axial stress/strain

response of the off-axis tensile test specimens, the linear-
elastic response determined from the initial slopes, and
the response computed from the elastic–plastic model
using the scalar hardening parameter. It was assumed
that a plane stress state existed, the properties were
identical in tension and compression, and only shear
stress components (relative to the fiber directions) cause
non-linear behavior. Therefore, in addition to the
assumptions made for the glass/polyester composite, it
is also assumed that A2=0 and F12 6¼0 (since �1 and
�2 6¼0 the interaction parameter F12 is necessary). For
this example, the interaction parameter, F12, was
assumed to be [27]:

F12 ¼
�0:5

X2
ð24Þ

A scalar hardening parameter was determined that
describes the elastic–plastic behavior of the material
under the three different biaxial stress states (see Table 1
for the values of the parameters). In Fig. 7 it is clear that the
elastic–plastic model fits the experimental data extremely
well relative to the assumption of linear-elasticity for each
biaxial stress condition. It can be expected that if the full
stress/strain curves were available for this material (up to
failure) and the 2nd Piola–Kirchhoff stresses and Green–
Lagrange strains were used, then the proposed model
would provide the same agreement with the experiment.

Fig. 6. Shear stress–shear strain diagram of the glass/polyester composite showing experimental and modeled responses for four biaxial ratios

(r=normal stress parallel to fibers/shear stress).

Table 1

Elastic constants and elastic–plastic parameters used in the analysis of

the glass/polyester and graphite/polyimide woven fabric composite

systems

Parameter Plain woven

glass-polyester matrix

8HS woven

graphite-polyimide matrix

E11 16.7 GPa 79.0 GPa

G12 4.7 GPa 6.1 GPa

�12 0.15 0.15

F11 0.004 MPa�2 0.0004 MPa�2

F66 0.063 MPa�2 0.004 MPa�2

F12 0.0 MPa�2 �0.0002 MPa�2

A1 0.0 MPa 0.0 MPa

A2 1.3�10�5 MPa 0.0 MPa

A5 1.85�10�9 MPa�1 2.0�10�8 MPa�1

A6 5.3�10�6 MPa 1.7�10�4 MPa

A7 0.0 MPa�1 0.0 MPa�1

A8 0.0 MPa 0.0 MPa
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8. Conclusion

The non-linear mechanical response of woven-fabric/
polymer-matrix composites can be significant under
uniaxial or biaxial loading conditions, and should be
modeled during the design of a composite structure that
must withstand large uniaxial or biaxial stresses. If the
details of the meso-mechanical failures are not known
or are not considered important for the application,
then a continuum elastic–plastic and damage model
can be used to predict the mechanical behavior of the
composite.
In this study a simple continuum model for the

macro-mechanical prediction of the elastic–plastic
behavior of woven-fabric/polymer-matrix composites
has been proposed. This model uses a scalar hardening
parameter (which is a function of the current applied
stress state) instead of an effective stress/strain relation
to determine plastic strain increments. It has been
shown, using experimental data of two different woven
fabric/polymer matrix composite materials, that the
elastic–plastic model accurately describes the non-linear
mechanical behavior for different biaxial stress states.
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